The octagon abstract domain, devoted to discovering octagonal constraints (also called Unit Two Variable Per Inequality or UTVPI constraints) of a program, is one of the most commonly used numerical abstractions in practice, due to its quadratic memory complexity and cubic time complexity. However, the octagon domain itself is restricted to express convex sets and has limitations in handling non-convex properties which are sometimes required for proving some numerical properties in a program. In this paper, we intend to extend the octagon abstract domain with absolute value, to infer certain non-convex properties by exploiting the absolute value function. More precisely, the new domain can infer relations of the form {±X ± Y ≤ c, ±X ± |Y| ≤ d, ±|X| ± |Y| ≤ e}. We provide algorithms for domain operations such that the new domain still enjoys the same asymptotic complexity as the octagon domain. Moreover, we present an approach to support strict inequalities over rational or real-valued variables in this domain, which also fits for the octagon domain. Experimental results of our prototype are encouraging; The new domain is scalable and able to find non-convex invariants of interest in practice but without too much overhead (compared with that using octagons).
Introduction
The precision and efficiency of program analysis based on abstract interpretation [9, 10] rely a lot on the chosen abstract domains. Most existing numerical abstract domains (such as intervals [8] , octagons [24] , polyhedra [11] , etc.) can only express convex sets, due to the fact that they usually utilize a conjunction of convex constraints to represent abstract elements. At control-flow joins in programs, an abstract domain often exploits a join operation to abstract the disjunction (union) of the convex constraint sets from the incoming edges into a conjunction of new convex constraints. The convexity limitations of abstract domains may lead to imprecision in the analysis and thus may cause many This work is supported by the 973 Program under Grant No. 2014CB340703, the NSFC under Grant Nos. 61120106006, 61202120, 91118007. false alarms. E.g., to remove a division-by-zero false alarm, the analysis needs to find a range excluding 0 for the divisor, which is in general a non-convex property and may be out of the reasoning power of convex abstract domains.
The Absolute Value (AV) function is one of the most used functions in mathematics and widely used in numerical computations. The AV function is supported by many modern program languages. E.g., the C99 standard for the C programming language provides the abs() and fabs() functions to compute the absolute value of an integer number and a floating-point number respectively. However, due to non-convexity, the AV function in the program code is rarely well handled during program analysis. Moreover, the AV function has natural ability to encode disjunctions of linear constraints in a program that account for a large class of non-convex constraints in practice. E.g., x ≤ −1 ∨ x ≥ 1 can be encoded as |x| ≥ 1, while (x 1 ∨ y 2) can be encoded as |x − 1| + |y − 2| > 0. Hence, we could exploit the non-convex expressiveness of the AV function to design non-convex abstract domains. Based on this insight, in [7], Chen et al. proposed an abstract domain of linear AV inequalities but which is exponential in complexity and thus has scalability limitations in practice.
In this paper, we propose a new abstract domain, namely the abstract domain of octagonal constraints with absolute value (AVO), to infer relations of the form {±X ± Y ≤ c, ±X ±|Y| ≤ d, ±|X|±|Y| ≤ e} over each pair of variables X, Y in the program where constants c, d, e ∈ R are automatically inferred by the analysis. AVO is more expressive than the classic octagon abstract domain and allows expressing certain non-convex (even unconnected) sets, thanks to the non-convex expressiveness of the AV function. We propose several closure algorithms over AV octagons to offer different time-precision tradeoffs. On this basis, we provide algorithms for domain operations such that the new domain still enjoys the same asymptotic complexity as the octagon domain. In addition, we show how to extend AVO to support strict inequalities over rational or real-valued variables. In other words, after the extension, AVO can additionally infer relations that are of the form {±X±Y < c, ±X±|Y| < d, ±|X|±|Y| < e}. Experimental results of our prototype are encouraging on benchmark programs and large embedded C programs; AVO is scalable to large-scale programs and able to find non-convex invariants of interest in practice.
Motivating Example. In Fig. 1 , we show a small instructive example adapted from [14] (by replacing the double type by real type), which is originally extracted from the XTide 1 package that provides tide and current predictions in various formats. It shows a frequently used pattern in implementing a Digital Differential Analyzer algorithm in computer graphics. This example is challenging to analyze as it involves complicated non-convex constraints (due to disjunctions, the usage of the AV function) as well as strict inequalities, and precise reasoning over these constraints is required to prove the absence of the potential risk of division-by-zero errors.
At location ① in Fig. 1 , it holds that (dx 0 ∨ dy 0) which describes a non-convex set of points that includes all points in R 2 except the origin (0, 0). Using octagonal constraints with absolute value, it can be encoded as −|dx| − |dy| < 0. At location ②, it holds that −|dx| − |dy| < 0 ∧ |dx| − |dy| < 0 which implies that −|dy| < 0 and thus the division by dy in the then branch will not cause division-by zero error. At location ③,
